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Abstract. We derive non-linear commutator HS symmetry algebra, which encode unitary 
irreducible representations of AdS group subject to Young tableaux Y{si, . . . ,Sk) with k > 2 
rows on d-dimensional anti-de-Sitter space. Auxiliary representations for specially deformed 
non-linear HS symmetry algebra in terms of generalized Verma module in order to additively 
convert a subsystem of second-class constraints in the HS symmetry algebra into one with 
first-class constraints are found explicitly for the case of HS fields for k — 2 Young tableaux. 
The oscillator realization over Heisenberg algebra for obtained Verma module is constructed. 
' The results generalize the method of auxiliary representations construction for symplectic 

^ ' sp(2fc) algebra used for mixed-symmetry HS fields on a flat spaces and can be extended on 

^ : a case of arbitrary HS fields in AdS-space. Gauge-invariant unconstrained reducible Lagrangian 

formulation for free bosonic HS fields with generalized spin (si,S2) is derived. 

in 



1. Introduction 

Increased interest to higher-spin field theory is mainly conditioned by expected output of LHC on 
the planned capacity. It suspects not only the proof of super symmetry display, the answer on the 
^ ■ question on existence of Higgs boson, and possibly a new insight on origin of Dark Matter ([1], 

[2]) but permits one to reconsider the problems of an unique description of variety of elementary 
particles and all known interactions. If the above hopes are true the development of higher- 
spin (HS) field theory in view of its close relation to superstring theory on constant curvature 
spaces, which operates with an infinite set of massive and massless bosonic and fermionic 
HS fields subject to multi-row Young tableaux (YT) Y{si, Sk), k > 1 (see for a review, 
[3]-[7]) seems by actual one. Corresponding description of such theories, having as the final 
aim the Lagrangian form, requires quite modern and complicated group-theoretic tools which 
are connected with a construction of different representations of algebras and superalgebras 
underlying above theories. Whereas for Lie (super) algebra case relevant for HS fields on flat 
spaces the finding and structure of mentioned objects like Verma modules and generalized Verma 
modules [8], [9] are rather understandable, an analogous situation with non-linear algebraic and 
superalgebraic structures which corresponds to HS fields on AdS spaces has not been classified 
to present with except for the case of totally-symmetric bosonic [10]-[12j and fermionic [13j, 
|14] HS fields. The paper propose the results of regular method for Verma module constructing 
and Fock space realization for quadratic algebras, whose negative (equivalently positive) root 



vectors in Cartan-like triangular decomposition are entangled due to presence of the special 
parameter r being by the inverse square of AdS-radius vanishing in the flat space limit. The 
obtained objects permit to find Lagrangian formulations (LFs) for free integer HS fields on 
d-dimensional ^dS'-space with Y{si, ...,Sk) in Fronsdal |X5j metric-like formalism within BFV- 
BRST procedure [16] . |17j (known at present as BRST construction) as a starting point for 
an interacting HS field theory in the framework of conventional Quantum Field Theory. The 
application of the BRST construction to free HS field theory on AdS spaces consists in 4 steps 
and presents a solution of the problem inverse to that of the method jl6j (as in the case of 
string field theory [T2])and reflects one more side of the BV-BFV duality concept |19j-[21j. 
First, the conditions that determine the representations with given mass and spin are regarded 
as a topological (i.e. without Hamiltonian) gauge system of mixed-class operator constraints 
oj, I = 1,2,..., in an auxiliary Fock space Ti. Second, the whole system of oj which form 
quadratic commutator algebra should be additively converted (see [22], [23] for the development 
of conversion methods) in deformed (in power of parameter r) algebra of Oj: Oj = oj + dj 
determined on wider Fock space, H'^'H' with first-class constraints Oq, Oq C Oj. Third, the, 
Hermitian nilpotent BFV-BRST operator Q' for non-linear algebra of converted operators 0/ 
which contains the BFV-BRST operator Q for only subsystem of Oa should be found. Fourth, 
the Lagrangian C for given HS field through a scalar product ( | ) in total Hilbert space Utot hke 
£ ~ {(j)\Q\(t)), to be invariant with respect to (reducible) gauge transformations 5\(j)) = QjA) with 
1 0) containing initial and auxiliary HS fields is constructed in such a way that the corresponding 
equations of motion reproduce the initial constraints. 

The application of above algorithm for bosonic [23], [25] and fermionic [26]-[28] HS fields 
on flat spaces did not meet the problems in rather complicated second and third steps due to 
linear Lie structure of initial constraints oj algebra, [o/,oj} = JjjOk for structure constants 
//j. Indeed, for the same algebra of additional parts o'j it is sufficient to use the construction 
of Verma module (VM) for integer HS symmetry algebra sp{2k) [29] which is in one-to-one 
correspondence with Lorentz so{l,d — 1) algebra unitary irreducible representations subject to 
Y{si, Sk), k < I due to Howe duality [30]. Then an oscillator realization of the symplectic 

algebra sp{2k) in Fock space H' |29j represents a polynomial form as compared to totally- 
symmetric HS fields on AdS space |ll|-|14j where, (super)algebras of oj are non-linear, not 
coinciding with ones for o'j. The problem of the same complication arises in constructing of 
BFV-BRST operator Q' for (super)algebra of converted constraints 0/ which in transiting to 
AdS-space does not have the form to be quadratic in ghost coordinates C and requires the 
full study of algebraic relations starting from Jacobi identities resolution (see [31] for details of 
finding BRST operator Q' in question and ones for classical quadratic algebras |32j). 

To be complete, note the details of Lagrangian description of mixed-symmetry HS tensors on 
(A)dS backgrounds were studied in "frame-like" formulation in [33j~[36j whereas the LF for the 
mixed-symmetry bosonic fields with off-shell traceless constraints in the case of (anti)-de-Sitter 
case are recently known for the Young tableaux with two rows [37], [38]. The aspects of SO{N) 
spinning particles dynamics after applying of Dirac quantization procedure to particle's first-class 
constraints system which produces the dynamics of HS fields on constant curvature spaces were 
studied in [39]. At last, the various aspects of mixed-symmetry HS fields Lagrangian dynamics 
on Minkowski space were discussed in |40] , |41j and recently for interacting mixed-symmetry HS 
fields on AdS-spaces in [12], [33] . 

Present paper is devoted to the solution of the following problems: 

(i) derivation of HS symmetry algebra for bosonic HS fields in d-dimensional AdS space subject 
to arbitrary YT Y{si, Sk); 

(ii) development of a method of Verma module construction for a non-linear HS symmetry 
algebra for YT with two rows Y{si,S2) and to the oscillator realization for given non- 



linear algebra as formal power series in creation and annihilation operators of corresponding 
Heisenberg algebra; 

(iii) construction of unconstrained LF for free bosonic HS fields on AdS-space with Y(si, 82)- 

The paper is organized as follows. In Section [21 we examine the bosonic HS fields that 
includes, first, the derivation of HS symmetry algebra A{Y{k), AdSd) for HS fields subject 
to Young tableaux with arbitrary number of rows k in Subsection 12.11 second, an auxiliary 
proposition that permits one to find the forms of deformation of general commutator polynomial 
algebras under additive conversion procedure in Subsection 12.21 In Section [3] we derive explicitly 
HS symmetry algebra of additional parts for HS fields with 2 families of indices, formulate 
and solve the problem of Verma module construction for algebra A'{Y{2), AdSd) of additional 
parts o'j in Subsection 13.11 We find Fock space realization for the algebra A'{Y{2), AdS^) in 
Subsection 13. 2[ In Section [U we derive an explicit form for non-linear algebra Ac{Y{2), AdSd) 
of converted operators Oj, and present for it an expression for BFV-BRST operator in 
Subsectior l4.2l and develop the unconstrained Lagrangian formulation for bosonic HS fields 
with two-rows Young tableaux Y {31,82) in Subsection 14. 3[ In Conclusion, we summarize the 
results of the work and discuss some open problems. Finally, in Appendix A we prove the 
proposition on additive conversion for polynomial algebras. 



2. HS fields in AdS spaces with integer spin 

In the section we derive numbers of special HS symmetry non-linear algebras which encode 
mixed-symmetry tensor fields as the elements of AdS group irreducible representations with 
generalized spin s = (si, . . . , 8k) and mass m on Ads^-space-time. We consider the problem of 
Verma module construction for one of them and solve it explicitly for non-linear algebra with 
two-rows Young tableaux. The construction of the Fock space representation for the non-linear 
algebra with found Verma module finishes the solution of the problem there. 

2.1. HS symmetry algebra A{Y(k), AdSd) for mixed- symmetry tensor fields with Y(si, Sk) 
A massive generalized integer spin s = (si, s^), (si > S2 > ... > Sfc > 0, A; < [d/2]), AdS group 
irreducible representation in an AdS^ space is realized in a space of mixed-symmetry tensors, 
^(/.i).,,(A.2),2,...,(^fc),^=$^i...^i^,^2...^2^,...,^fe...^fc^(x) to be corresponding to a Young tableaux 
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(1) 



subject to the Klein-Gordon ([2]), divergentless ([3]), traceless (H]) and mixed-symmetry equations 
dS]) [for /3 = (2; 3; k + 1) (si > 82; 81 = 82 > S3; ...; 81 = 82 = ... = Sfc)] 



i=l 



0, 



V''''^(^i),^,(^2)^^^...^(^fc)^^ = 0, i,j = l,...,k; li,mi = l,...,8i, 



' {tl^)s^,...,{{,l')s^ , fj.{... tlj ,}...tli ...{tl'')s 



0, « < J, 1 < Ij < Sj, 



(2) 

(3) 

(4) 
(5) 



where the brackets below denote that the indices inside it do not include in symmetrization, i.e. 
the symmetrization concerns only indices in {(/i*)si 1 /^i--- }• 



To obtain HS symmetry algebra (of o/) for a description of all integer spin HS fields, we in 
a standard manner introduce a Fock space Ti, generated by k pairs of bosonic creation a^i(x) 

and annihilation a^^(x) operators, i,j = 1, ...,k, fi^ ,1^^ = 0,l...,d— 10 

K^,aij] = -g^.,,5'^ , 6'^ = diagil,l,...l), (6) 

and a set of constraints for an arbitrary string-like vector \^) & Ti which we call as the basic 
vector, 

00 SI Sfe— 1 k Si j 

si=0s2=0 Sfc=0 i=lli=l 

k 

km = (/o + ml + r{{gl - 2/3 - 2)^^ - E^o))!^) = 0, = [D^ - r '^^'f ^^^^ ], (8) 

2 = 2 

(r,r^f^^'i)|<I>) = Ha;,^)^ia^a^■^a^l+a^■l'^)|cI>) = 0, i < j; ii < ji, (9) 
with number particles operators, central charge, covariant derivative in % respectively, 

ffo = «^^}, ml=m' + r/3(/3 + 1), (10) 

D, = d,- <(x) a+ a,,) , af (x) = e^(x)<(+l (11) 

i 

where e(^, cj^'' are vielbein and spin connection for tangent indices a, 6 = 0, 1..., d — 1. Operator 
is equivalent in its action in l-L to the covariant derivative [with d'Alambertian = 
{Da + uj^ba)D% The set oik{k + l) primary constraints ([8]), dSD with {o^} = {Iq,1\1^^ .f^^^} are 
equivalent to Eqs. ©-([S]) for all admissible values of spins and for the field ^^'(^i)^^ ,(^2)^^ j-^fe^^^ 

with fixed spin s = (si, S2, • • • , Sk) if in addition to Eqs. (I8|), dH) we add k constraints with (^q, 

gl\^) = {s, + ^,m. (12) 

The requirement of closedness of the algebra with Oq, with respect to [ , ] -multiplication leads 
to enlargement of by adding the operators and hermitian conjugated operators o^, 

(r+, 1'^+, f^'J^+) = {-ia'^D^ ia^+a^'^+, a'^a^^>^+), i < j; h < ji, (13) 

with respect to scalar product on %, 

m^) = /rf'^-v^EEEE^oin ft 

1=1 Si=0 j=l Pj=0 i=lmj=l 

x^(a.i).,,(/.2).2,...,(/.'=).,W n n «i for s_i,p_i = 00. (14) 

i=l li=l 

^ such choice of the osciUators corresponds to the case of symmetric basis, whereas there exists another 
reahzation of auxihary Fock space generated by the fermionic osciUators (antisymmetric basis) a^m{x), a"i{x) 
with anticommutation relations, {a^m , o"^} = —gij.'^v^^S"^" , for m,n = 1, si, and develop the procedure below 
following to the lines of Ref. [JS] for totally antisymmetric tensors for si = S2 ~ ... — Sk ~ 1- 
^ operators a"*, a^^^ satisfy to usual for _R^'''~^-space commutation relations [ci"',aj^^] ~ —''1°'^^' Sij for 
77"" = diag(+, -,...,-) 



Table 1. HS symmetry non-linear algebra AmiY{k),AdSd)- 









lo 


P 


p+ 










R*2J2 . . 





132^121 


_/«2 + (ji2« 


l{jlj2§iiii2 


_/22|jl + ^il|j2 


22.72 


— Rnii . . 
" ^232 


A+ 

«1.71,«2.72 





1^2^% 


'.72% 


'*2 "j2 


''32 "l2 


^0 





















P 

















P + 




pi+Shj 


— r/Cj 




-wr 







/«2J2 


_pi|i2^j2}n 


_/n{«2(ji2|ji 








_i/|i2^i2|i 





^'2J2,«1J1 


''*2J2 


{«2 J2} 


/+ A 

Jil.72"«2}n 





2 \12 32\ 










5^ 









-P5'^ 






p{n+jiib' 



This fact will guarantee the Hermiticity of corresponding BFV-BRST operator with taken into 
account of self-conjugated operators, {Iq , g^^) = {Iq, Qq) (therefore the reality of Lagrangian 
jC) for the system of all operators {oq, o+, sfg}- We call the algebra of these operators the integer 
higher-spin symmetry algebra in AdS space with a Young tableaux having k row^ and denote it 
as A{Y{k),AdSd)). 

The maximal Lie subalgebra of operators P^f^^^^gQ^V^^^ fi3i+ jg isomorphic to symplectic 
algebra sp{2k) (see, [^9] for details and we will refer on it later as sp(2k)) whereas the only 
nontrivial quadratic commutators in A{Y{k), AdSd)) are due to operators with Z)^: P,Iq,P~^. 
For the aim of LF construction it is enough to have a simpler, without central charge (so 
called modified HS symmetry algebra AmO^ik), AdSd)), with operator Iq ([8]) instead of Iq, so 
that AdS-mass term, ml + r{{g}^ — 2/3 — 2)gQ — J2i=2 9o)^ '^il^ be restored as usual later within 
conversion procedure and properly construction of LF. 

Algebra AmiY (k) , AdSd)) of the operators o/ from the Hamiltonian analysis of the dynamical 
systems viewpont contains 1 first-class constraint Iq, 2k differential hjlf and 2k'^ algebraic 
t^^^^ ,tf^j^,P^ ,lfj second-class constraints Oa and operators g^, composing an invertible matrix 
Aabig})) for topological gauge system because of 

[Oa, Ob] = fabOc + fabOcOd + ^abigl), K, Q = fa[l,]Oc + faflofcOd, ■ (15) 

Here fabi fab^ fa[lo]^ faflo]^ ^(^^ are antisymmetric with respect to permutations of lower indices 
constant quantities and the operators Aabig^) form the non-vanishing 2k{k + 1) x 2k{k + 1) 
matrix ||Aab|| in the Fock space Ti on the surface Ti C H: \\Aab\\\T, ¥^ 0) which is determined by 
the equations, Oo|$) = 0. The set of o/ satisfies the non-linear relations (additional to ones for 
sp(2k)) given by the multiplication tabled! 

First note that, in the table [1] we did not include the columns with [ , }-products of all oj with 
which may be obtained from the rows with g^ as follows: [b, oj}^ = — [of ,b}, with account of 
closedness of HS algebra with respect to Hermitian conjugation. Second the operators i^^''^^tf^j2 
satisfy by the definition the properties 

it'''',t+3,) ^ {t'''',t+j,)9'''\ e^^'^ = (1,0) for (J2 > i2,j2 < 12) (16) 

^ one should not confuse the term "higher-spin symmetry algebra" using here for free HS formulation with the 
algebraic structure known as "higher-spin algebra" (see, e.g. Ref. [46]) arising to describe the HS interactions 



with Heaviside 6'-symbo0 Third, the products A«2j2,nji^ ^nji,*^ ^i2i2,nii ^re 

determined by the exphcit relations, 



S*2i2 



^«2j2,«ljl _ flj2^i2jl _ f2jl^'ilj2 ^ pi2j2,i _ f232 (^^j2i _ ^i2i^j ^ ^^8) 

2^*2^2, nil 



I|5i2il^i2il 



(^i2{n pl}i20i2jl} _^ f2jl}+0jl}i2 



_J«2{«1 ^jlb2^j2jl} _|_ ^i2jl}+^ilb2 1^ (^]^g-) 

They obeys the obvious additional properties of antisymmetry and Hermitian conjugation, 

Ai2j2,il3l — _ Ahjl,i2j2 A+ —(A- • ■ ■ "1+ — f+ A ■ • — f + /)• • ('90') 

^ — ^ , ^iljl,j2i2 ~ \-^n31,t2n) ~ ''i2il"j2«l ''iij2"«2Jl! v^"-"/ 

(^jj.2j2,iljl^+ — jj-iji,i2j2 pi2j2,i+ _ ^pi2j2,i'j+ _ ^i2j2+^p2i _ (J*2«^ ^21) 

Fourth, the independent quantities JCi,W^\ Xj^^ in the table [T] are quadratic in oj. 



fc+i 



(5^ - gi))l'^ - + t^j^+e^yy^-' 

m 



{Zo + r(KO^+ ^ 4' + ^/C[,^)}<5^^- 
;=i+i 1=1 
J — 1 fc 



(23) 
(24) 



(25) 



1=1 

i-l 



1=1+1 
k 



1=1 1=3+1 



^ tH^l + {gi^+gi-j-l)t,,]e'j 
1=3+1 

' E t^'+t'^+ + t^(9'o+5^-^-l)r' 
1=1+1 



In writing ()25p we have used the quantities Kq^, i,j = 1, k, ICq composing a Casimir operator 
JCo{k) for sp{2k) algebra 



/Co(fc) = E< + 2E^o'^'' = E((ffo)'-25r4P+r*) + 2(5: (t^f'-^l^l^'-ai)). (26) 

i i=l j=i+l 



Algebra ^m(^(^)) ^'^5'^) maybe considered as non-linear deformation in power of r of the integer 
HS symmetry algebra in Minkowski space A{Y{k),R^''^-^) [29] as follows. 



Am{Y{k),AdS^) = AiYik),R'^''-')ir 



lo) (r)^ sp{2k), 



(27) 



for /c-dimensional commutative (on R^''^^^) algebra = {h}, its dual T^* = {Z*^} and 
represents the semidirect sum of the symplectic algebra sp{2k) [as an algebra of internal 
derivations of (T'^©T^*)]. For HS fields with single spin si (for k = 1) and with two-component 
spin (si,S2) (for k = 2) the algebra AmiYik), AdSd) coincides respectively with known HS 
symmetry algebras on AdS spaces given in [12] and in [3Tj . 

Now, we should to use the results of an special proposition in order to proceed to the 
conversion procedure of the algebra of oj to get the algebra of 0/ with only first-class constraints. 

* there are no summation with respect to the indices 12, J2 in the Eas. p6[) . the figure brackets for the indices ii, 
12 in the quantity A^'^ B^'^'^'^'O'^'''^ mean the symmetrization A^'^ B'^^^'^O'^^^'^ = ^^^15^2^351^3^2 ^ ^^25^1^351^3^1 
well as these indices are raising and lowering by means of Euclidian metric tensors 5*-' , Sij , Sj 



2.2. On additive conversion for polynomial algebras 

In this subsection, to solve the problem of additive conversion of non-linear algebras with a 
subset of 2nd class constraints, we need to use some important statement which based on the 
following (see Ref.[14j for detailed description) 

Definition: A non-linear commutator algebra A of basis elements oj , I £ A (with A to be 
finite or infinite set of indices) is called a polynomial algebra of order n, n G N, if a set of 
{o/} is subject to n-th order polynomial commutator relations: 

OO 71—1 

[oj, oj] = F^MoK, Fl< = fj'f + /W^-^"-^ n OK. , 

n=2 i=l 
j^in)K,...K„ j,(k)Ki-KnKr.+i-K, = q. A: > n, (28) 

with structural coefficients i-,g antisymmetric with respect to permutations of 

lower indices, /j^^)^!-^" = 

Now, we may to formulate the basic statement in the subsection 12.21 in the form of 
Proposition: Let A is the polynomial algebra of order n of basis elements o/ determined in 
Hilbert space 7i. Then, for a set A' of elements o'^ given in a new Hilbert space Ti' {7if]T-l' = 0) 
and commuting with o/, and for a direct sum of sets Ac = A + A' of the operators, O/, 
Oj = oj + o'j given in the tensor product % ®T-L' from the requirement to be in involution 
relations, 

[Oi,Oj]=Ffj{o\0)OK, (29) 

it follows the sets of {o^}, {O/} form respectively the polynomial commutator algebra A' of 
order n and the non-linear commutator algebra Ac with composition laws: 



Wi,o'j] = f\T^o'^^ + y: (-i)-vr"'-"^ n o'k., (30) 

ni=2 s=l 

n 

[0/,0,] = (/ii)^+ ^ f;7)^(o',0))o^. (31) 

m=2 

The structural functions Fj^^^{o',0) in ()30p are constructed with respect to known from the 
Eqs. ([28]) coefficients = ffj-^-- as follows 

m— 1 m— 1 . . . s m—l 

n Ok^, where 

p=l s=l p=l l=s+l 

nKs - KlKs + l - Km nKs---K\Ks + l---Km . rK s- ■ -K s + lK\K s+2- ■ ■ Km _i_ . . . _|_ 

J ij J ij ij 



jKi, + lKs---KiKs + 2 - Km _|_ ^ jKa + lKs---Ks + 2KlKsJ^3---Km _|_ 



_ _ _|_ jKs + lKs + 2Ks - KlKs + 3---Ki^ _j_ . . . _j_ j!^s+i---KmKs---Ki (32) 

where the sum in the Eq. (|32|) contains ^i^^l^^i terms with all the possible ways of the 
arrangement the indices {Ks+i, Km) among the indices {Ks,...,Ki) in 
without changing the separate orderings of the indices Kg+i, Km and Ks,...,kE 

^ We do not consider here the case of polynomial superalgebra for which the proposition may be easily generalized 
with introducing corresponding sign factors in the Eqs. (|30p -(|32 p with the same number of summands to use it 
for fermionic HS fields on AdS space 



The validity of the proposition is verified in the Appendix A Turning to the structure of 



algebra Ac note that in contrary to A and A' we call it as non-homogeneous polynomial algebra of 



order n due to form of relations (|32p (see footnote 13 in the Appendix A for the comments). For 
Lie algebra case (n = 1) the structures of the algebras A, A' and Ac coincides as it then used, e.g. 
for the integer spin HS symmetry algebra A{Y{k)^ R^''^^^) [29j. For quadratic algebras (n=2) the 
algebraic relations for A, A' and Ac do not coincide with each other due to structural functions 

Ilj^^^^ presence that was firstly shown for the algebra A{Y{1), AdSd) for totally-symmetric 
HS tensors on AdS space in [12j and having the form, 

[oi.oj] = fi'J'^^OK, + fiT'^^'oK^OK,, [0',,0'j] = fff^'^o'^^ - /ir^^^o'x.o^., (33) 

[Oi, oj] = (/(i)^ + Firio', o))o^, Fir = fff'^'OK. - (/ir^^ + (34) 



Relations (jSSp . ()34p are sufficient to determine the form of the multiplication laws for 
the additional parts o'l algebra A! (k) ^ AdS d) and for converted operators 0/ algebra 
Ac{Y{k),AdSd). 

As the new result we write down the explicit form for the cubic commutator algebras A! ^ Ac 

\Ol,Oj\ - Jjj Oj^^-Jjj Of^^OK^ + fjj Ok^Ok^Ok^, 

n 

[Oi,Oj] = {fir + T.PiTio',0))OK, (35) 

+(/ir^^^^ + /ir^^^^ + (36) 

if the commutator relations for the initial algebra A given by the Eqs. (|28p for n = 3. 
3. Auxiliary HS symmetry algebra Ali^ {2)^ AdSd) 

The procedure of additive conversion for non-linear HS symmetry algebra A{Y(k\AdSij) of 
the operators o/ implies finding, first, the explicit form of the algebra A! {k\ AdS d) of the 
additional parts Oj, second, the representation of AH^ ili) ^ AdS d) in terms of some appropriate 
Heisenberg algebra elements acting in a new Fock space Ji' . Structure of the non-linear 
commutators of the initial algebra leads to necessity to convert all the operators o/ to construct 
unconstrained LF for given HS field *I'(^i)^^,(^2)^^_ (^k)^^. 

Considering here the case oik = 2 family of indices only in the initial HS field (-^2)__^ 
(the general case of algebra Ali^(k\AdSd) is discussed in [17]) we see the former step is based 
on a determination of a multiplication table A!{Y{^,AdSd) of operators Oj following to the 
form of the algebra A{Y(k\AdSd) for k = 2 given by the table [T] and Eqs. (|33p . 

As the result, the searched composition law for A'{Y{2),AdSd) is the same as for the algebra 
A{Y{2), AdSd) in its linear Lie part, i.e. for sp(4) subalgebra of elements (/'*J', f c/(,* jl, 

and is differed in the non-linear part of the Table [TJ determined by the isometry group 
elements l'^,l'j^ ,1'q. The corresponding non- linear submatrix of the multiplication matrix for 

A'{Y{2),AdSd) has the form given by the Table El Here the functions /C'/+, ICf, Wf, 
{X'I^-Vq) have the same definition as the ones (|23p -(|25 p for initial operators o/ but with opposite 
sign for [X'^^ — I'q) and for k = 2: 



Wl'^ = 2ri- 



^ To turn from general algebra A{Y{k), AdSd) to A{Y{2), AdSd), we put S'-* = 6^^6-'^ and therefore only surviving 
operators among mixed-symmetry ones are t^-' = t^'^, tf- — t^2- 



Table 2. The non-linear part of algebra A'{Y{2), AdSd). 







I" 


in+ 









-rIC'l 








XT 











(38) 



(39) 



12 



with totally antisymmetric sp(2)-invariant tensor e*-', e^^ = 1 and operator /Cq^ = {t^2^ 
^^12^^^ — 5o) derived from Casimir operator for sp(4) algebra in the Eqs. (|26p for k = 2. In turn, 
the Lie part of the Tables [1] for /c = 2 is the same as one for bosonic Lie subalgebra in [28] for the 
following expressions of only non- vanishing operators B''^'^i2, A'^^^^, F'^'^'i , F'^'^'i'^ , L'^^i^'^'^i^ 



R'12 

-D 12 



/12.12 



(40) 



(41) 



being identical to the same operators oj from the initial algebra A{Y{2), AdSd)- 

Now, we may to sketch the points to find oscillator representation for the elements o'j of 
auxiliary HS symmetry algebra. 



3.1. Verma module for the quadratic algebra A!{Y{'^k)^AdSd) 

Here, we following to assumption that generalization of Poincare-Birkhoff-Witt theorem for the 
second order algebra A' {Y {2)., AdSd) is true (see on PBW theorem generalization for quadratic 
algebra ^8]), we start to construct Verma module, based on Cartan-like decomposition enlarged 
from one for sp(4) [i < j) 

A\Yi2),AdSd) = t'lt , CI ® {9oJo} ® {lirt'i2, l'^ = £2 © ^2 ® (42) 

Note, that in contrast to the case of Lie algebra the element I'q does not diagonalize the elements 
of upper £2 (lower £2) triangular subalgebra due to quadratic relations (f55|) (as well as it was 
for totally-symmetric HS fields on AdS space [TDl [T2] ) and in addition the negative root vectors 
I'i^j'j^ do not commute. 

Because the Verma module over a semi-simple finite-dimensional Lie algebra g (an induced 
module U{g)<^mp-^ |0)y with a vacuum vector |0)vll) is isomorphic due to PBW theorem as 
a vector space to a polynomial algebra hl{g~)^(j\Q)y , it is clear that g can be realized by 
first-order inhomogeneous differential operators acting on these polynomials. 

^ we may consider sp(4) and generally sp(2k) in Cartan-Weyl basis for unified description, however without loss 
of generality the basis elements and structure constants of the algebra under consideration will be chosen as in 
the table [T] 

* here the signs U{g), U{b), U{g~) denote the universal enveloping algebras respectively for g, for its Borel 
subalgebra and for lower triangular subalgebra g~ like in (|42|l 



We consider generalization of Verma module notion for the case of quadratic algebras g{r) 
which present the (7(r)-deformation of Lie algebra g in such form that g{r = 0) = g. Thus, we 
consider Verma module for such kinds of non-linear algebras, supposing that PBW theorem is 
valid for g{r) as well that will be proved later by the explicit construction of the Verma module. 

Doing so, we consider the quadratic algebra A'{Y{2), AdSd), as r-deformation of Lie algebra 
A'(Y{2), R^''^-^) with use of dSZD for A; = 2 (see for details 



(43) 



Corresponding basis vector of Verma module \N{2))v has, therefore the form according to 1^2 

2 



\N{2))v = \nij,ni,pi2,n2)v 



i<j 



^^\0)v, £t\0)v = 0, (44) 



with (vacuum) highest weight vector |0)y, non-negative integers nij,ni,pim, and arbitrary 
constants mi with dimension of mass. 

Here, in contrast to the case of Lie algebra [28J and totally-symmetric HS fields on AdS space 
[TU] . [13], the negative root vectors l'^,t'^,l'^ do not commute, making the vector |iV(2))y 
by not proper one for the operators t'^,l'^ presenting therefore the essential peculiarities to 
construct Verma module for A'{Y(2), AdSd)- 

First of all, by the definition the highest weight vector \0)v is proper for the vectors from the 
Cartan-like subalgebra H2, 

{gll'omv = ih\mlmv, (45) 

with some real numbers h'^,h?,mQ whose values will be determined later in the end of LF 
construction in. order to Lagrangian equations of motion reproduce the initial AdS group irreps 
conditions ©-(P. 

Then, we determine the action of the negative root vectors from the subspace £2 the basis 
vector \N{2))y which now do not present explicitly the action of raising operators and reads, 



1'+ 



t'+ 
''12 



N{2))v 
N{2))v 



N{2)) 



V 



\nij + Sij^im,ns)v , (46) 
2 

S^^l[(^'ijT''l2^ \dij,ns)v +5^^mi \nij,ni + I,pi2,n2)y ,1 = 1,2, (47) 

2 

'[[{l'ijT''t'^\Oij,ns)v - 2nii \nii - l,ni2 + l,n22,n^)v 

i<j 

-ni2 |nii,ni2 - l,n22 + . (48) 



Here we have used the notations, first, = {ni,pi2,n2), Oij = (0,0,0) in accordance with 



N + 6, 



ij,lm) V 



definition of |A^(2))v, second, Sij^im = ^u^jm, for i < j,l < m, so that the vector 
in the Eq. ()46p means subject to definition ()44p increasing of only the coordinate Uij in the vector 
|A^(2))v, for i = I, j = m, on unit with unchanged values of the rest ones. 

In turn, the action of Cartan-like generators on the vector \N{2))v are given by the relations, 



9'^ 



Ni2))v 
N{2))v 



(2nu + ni2 + ni + (-1)^12 + h^) \n{2))v ,1 = 1,2, 



(49) 
(50) 



To derive the Eqs. (jl6]l - ([50]) we have used the formula for the product of operators A, B, 

k times 



n! 



AB^ = J2C]:B^-''ad'hA, ^dU=[[-[A,B},...},B}, for n>0,Cj: = 

t^o kl{n-ky. 



,(51) 



At last, the action of the positive root vectors from the subspace £2 on the vector |iV(2))y being 
based on the rule (ISTTl. reads as follows, 



n2 



,/2 



I'll 



Ni2))v 
N{2))v 

Ni2))v 

N{2))v 



1/12 



Ni2)h 



7/22 



0ij,0,0,n2)v -Y.lni2\nij - 5ij^i2 + 5ij^ii,ns)v 



+Pi2{h^ - /i^ - 77-2 -pi2 + 1) \nij,ni,pi2 - l,n2)v , 
-minulfiij - 6ij^u,ni + 1,^12,^2)^ 



ni2 



+ 



Oij,ns)v , 



mi — \nij - Sij^i2,ni + 1,^12,^2)^ 
2 2 

i<j i<j 

mi (nil +ni2 +ni-pi2-l + h^) \nij - 5jj,ii,ns)v 
ni2{ni2 - 1) I ^ 



+ 



\nij — 2dij^i2 + Sij^22,ns)v 



+ \ni,,/ll "12 



(ni2 + Yl{2nii + ni + h}) - l) \nij - 5, 



n-ij — Oij^i2,ns)v 



ni2 
4 

+ ^Pi2'nii{h^ - + n2+pi2 - 1) \nij - dij^u,ni,pi2 - l,n2)v 
+niin22 \ni 



Jij,ll — Oji,22 + Oij^l2,ns)v 



+ 



n,,^/12 ^22 



nil 



12 



6ij,0,0,n2)v 



n22{ni2 + n22 + P12 + ^2 - 1 + h^) \nij - Sij^22,ns)v 



+ 



+ 



ni2Pl2 



(Pi2 -l + h"^ - +n2) \nij - (5^^,12, ni,pi2 - 1,^2)^ 



"12(^12 - 1) I ^ 



n-ij + 6ij^ii — 26ij^i2,ns)v 



0i,-,0,pi2,n2)v^ 



n\2 
2 



ij J 



ij_ 1 "1 (+'± 

nil 



it'^2r^%2 



0ij,0,0,n2)v 



(52) 



(53) 



(54) 



(55) 



(56) 



It is easy to see that to complete the calculations in Eqs. (HZ]), (08]), (f53|) -([56 ]) we need to 

1,2, Cartan-like vector I'q, negative root 



/m jUm 



m 



find the action of positive root vectors 

vectors l'<^,t'{2 on the vector \Oij,ns)v- and the rest operators arbitrary vector 

\0ifn,0,0,n2)v ill terms of linear combinations of definite vectors. We solve this rather non- 
trivial technical problem explicitly with introducing auxiliary quantities which we call primary 
block- operator given in ([68]) and derived block- operators t!^j!^ ,Iq,V^,1'^2i''^ = 1)2 below 
whose concrete expressions will be shown with details of Verma module construction for the 
algebra under consideration in [17]. Thus, we may to formulate the result in the form of 

Theorem 1. The Verma module for the non-linear second order algebra A'{Y(2),AdSd) exists, 
is determined by the relations (fl6]) . ()i9]) . ([57]) - ([66]) . expressed with help of primary ?]^2 ^iid 
derived block-operators Z^"^, I'q, I'm, ^^2' = 1; 2 and has the final form. 



12 



''12 



Ni2))v 

Ni2))v 

Ni2))v 
Ni2))v 
Ni2))v 

N{2))v 
Ni2))v 



n2 



Ni2))v 



puih^ - -n2 -pi2 + 1) \nij,ni,pi2 - l,n2)v 

- ^^iMij - %/2 + %i/, •ns)v + i'i2 N{2))v , 

- - 0^-1/ l^ij - + Sij,l2,ns)v + i'i2 -^(2)) 



V 



S^^mi \N{2) + 6s,i)v + 5''l'^ N{2))v , 



12 p+ 



Oij,fis)v I 



I'l Oij,fis)v\[Oij^H,j] ~ "il"-ll - Sij,U,fis + Ss,l)v 



I'o 



n -\ I "12,^ 
Oij,ns)v\[o,^^H„]-^i—\nij 



hj,i2,ns + Ss,i)v 



-n22l2 - Sij,22,ns)v , 

nii(nii + ni2 + ni - pu - I + h^) \nij - 6ij^u,ns)v 



, nuinu - 1) 

H : In,; 



4 

ni2^+ 1^ 
2 



26, 



+ Sij,22,fis)v +ln Oij,fis)v l[Oy^n, 



^12 I'^ij 



5ij,i2,ns)v , 
^(ni2 + $^(2nz; + n, + /i')-l 



kj,12,na)v 



(57) 

(58) 

(59) 
(60) 

(61) 
(62) 
(63) 



(64) 



''22 



N{2)h 



+ -jPi2nii{h? - +n2 +P12 - 1) \nij - %ii, ni,pi2 - l,n2)y 



<^ii,ll — '^ii,22 + 5ij,12,fis)v + ^'l2 
^ij, 22, ns)v 

n22{ni2 + Pi2 + n2 + n22 - 1 + h^) \nij - S., 



+"-1171-22 \nij 
_'^22y/+ 1^ 

2 



*12 I'^ij 



nilj7 I- r - \ 



Mj — Oij^22,ns]v 



, "-12P12. 
H 7, (Pl2 



l + h^ -h^ + 712) \nij - (5jj,i2, fis - SsA2)v 



^ ni2{ni2 1) 1^^^ _^ ^^^^^^ _ 2d^j^^2,ns)v + %2 ^(2)>F 

ni2o I- r - \ 



(65) 



(66) 



In deriving these relations the rule was used 



2 

n(<,+r^(^0,C,O \Oij,ns)v = (liCl'im) \Oij,ns)v \[d,^^H,,]^ l,m,n = 1,2, I < m, (67) 

when the multipliers (I'j^)^'^ act as only raising operators on vectors (^O'^fc'^fcm) ^ijj^s)v ■ The 
primary block operator t'12 (corresponding to non-Lie part of t'12) is determined as follows 

[(n2-l)/2] r[n2/2] [n2 / 2- m+l)] 



t' 



12 



mw = E E E 

fc=0 Um=0 ^1=0 
k-l 

n2/2-J2C-m+H)-{k-l) 



E 

'=m=0 



?i2/2— ^ {^m+'^Vj—'^m—k 
1=1 

E 



(-ly 



^n2-2im-l ^n2-2(^ti'{'™+'0+fc-l)^"2-2(2ti'C"+'')+'^-l)-2'''"^-l 
^'-"2im+1^2i/+l ■■■^2^m.+l ^2^1+1 



A 



nij + [X]('"^+'0+'«]^i2(5j2,ni,n,n2-2[^{»m+»0+fc] 



(68) 



with the vector 



^iV(2))v' = ri2Pi2\N {2) - 6 s, 12) V 



mi 

m2 J-^^ 

["2/2] 

■E 

lm,=l 



["2/2] / 



'-"2im+l 



iV(2) + ^mbi^,22 + - (2^m + \)bs,2)v 



^2ir) 



iV(2) + (5ij,ii + (^m - \)hj,22 + (^5,12 - 2^m(5,,2)y 
\p7Jy^^ - + 2Pi2) + ^2^4+1] |iV(2) + 5,j, i2 + (im - l)5i,-,22 -2im5,,2) 
+^'i2<^2im(^' - +P12 - 1) 1^(2) + 'm5,j,22 - <5,,i2 - 2im5,,2)y | 



[n2/2] [n2/2-(im+l)] 

■ E E 

lm=0 l/=0 



(-1112 

^2im+l' 



■^n2-2Wl(^2_^1^2pi2+n2 



2( V + 1/ + 1)) - C^^^^a'""^] 1^(2) + + (^m + i/)<5,j- 22 - 2( V 
+ l)<^s,2)v - Pi2C27,;f "-'(/i' - /i^ + n2 - 2(im + 1/ + 1) + P12 - 1) 
iV(2) + (^m + ^/ + l)5ij- 22 - 5s,i2 - 2( V + ^/ + l)(5s,2)y 

iV(2) + 11 + (V + ^0'5*j,22 + 5s,i2 - 2(V + + l)<5s,2)y 



'712 — 2-^01—1 
21/+1 



, "'-l ^n2-2im-l 

~r ^2i/+2 
m2 ^ 



iV(2) + (V + 1/ + 22+'5.,i-2('m + + i)<^s,2)y |. (69) 

The obtained result has obvious consequences, first, in case of reducing of (2) , AdS d) to 
the quadratic algebra J^{Y(X),AdSd), given in Ref. [TOl US] for the vanishing components 



^-12 = n2 = pi2 = 0,1 = 1,2 of an arbitrary VM vector N{l))v = jnn, 0, 0, ni, 0, 0)y . 
Second, for reducing the AdS space to Minkowski R^''^~^ space when the non-hnear algebra 
A'{Y{2),AdSd) for r = turns to the Lie algebra (T'^ T'^* e /q) (0)^) sp(4) for A; = 2 in 
the Eqs. ()43p . For former case we derive known Verma module [12j from results of Theorem 1 
whereas for latter one we will get new Verma module realization (see [17j) for above Lie algebra 
being different from one for sp(4) in [Mj and in [29] for k = 2. 



3.2. Fock space realization of A' {Y (2), AdS d) 

In this section, we will find on a base of constructed Verma module the realization of 
A'(Y{2), AdSd) in formal power series in degrees of creation and annihilation operators 
{Ba,B^) = {{bi,bij,di2),{bf ,bfj,d'l2)) in H' whose number coincides to ones of second-class 
constraints among o'j, i.e. with dim(iS2^ © £2)- solved following the results of [l9] and 

algorithms suggested in [50] initially elaborated for a simple Lie algebra, then enlarged to a 
non-linear quadratic algebra A(Y{l),AdSd) Ref. [10]. To this end, we make use of the mapping 



for an arbitrary basis vector of the Verma module and one |n 



n. 



of new Fock space H', 



nij,ns)v ^ 



\Tlij , Tig 



(70) 



for b^j\0) = bi\0) = di2\0) = 0, 



(|iV(2)) 



[N=5] 



|0) . 



Here, vector \fiij,ns) , for non-negative integers nij,ni,pi2 are the basis vectors of a Fock space 
Ti' generated by 6 pair of bosonic {B, B~^) operators, being the basis elements of the Heisenberg 
algebra Aq, with the standard (only non- vanishing) commutation relations 



[Ba,B^, 



Jab 



Su,jm, [bi,b^] — Sim, [dl2,di2] — 1. 



(71) 



Omitting the peculiarities of the correspondence among the Verma module vectors (especially 
one of 
details 



A 



^(2)>y for iV(2) = (0, 0, n2) ([69]) and Fock space H' vector 0^^, 0, 0, 712) (see [47] for 
we formulate our basic result as the 



Theorem 2. The oscillator realization of the non-linear algebra A'{Y{2),AdSd) over Heisenberg 
algebra Aq exists in terms of formal power series in degrees of creation and annihilation operators, 
is given by the relations ([7^ - ([75|) . ([77|) . ([75|) ~ ([55|) and expressed with help of primary block- 
operator (EH)) and derived block- operators, t!^,l'Q,l'^,l'^2,^ = 1)2 (f76j) . (f8^ - (f88]) as follows. 
First, for the trivial negative root vectors, we have 



mibi, l'i^ = b±, g'^ = 2b±bii + b+^bi2 + {-iydt2di2 + btbi + h\ (72) 
Second, for the operator t'i2{B,B~^) and primary block- operator t'i2{B,B'^) we obtain, 



t\ 



12 



^12 



k=0 



- h - 62 &2 - di2di2j di2 

.im=Oi/=0 fcm=0''7=0 

:^tt2)^U-^^0^^l^btd,2h 



btb 



ll"12 



26^2^22 + ?12 ) 



2r\Eti('-+'0+fc^ 



"I2 

mi 
m2 



E 



-2r 



+ E 

m=l 



-2r 



\m—l 



btA2 



(2m)! (2m) 



22; 



b+ 



/i2 



m=0 ^ ""2 

/i^ + 2dtnd 



\ (2*m + 1)! {2H + 1)! 

{bi 



^22) 



12"12 



^12 



(2m)! 
+ d\2di2)di2 



+ 



(2m + 



1)! 1 2 



(2m + 



i2m 
O2 



(73) 



-EE 

m=0 1=0 
b+b2 



-2r 



m+l+l 



7 ^—^M-yT^^ \KA 

{2m+l)V^^' Lin 



(2/ + 1)! 



(2Z + 2)!i (2Z + 1)! (2/ + l)!^ ^ 2 ^ ^ 12 12; 



I "^1 ^22 , + , 



62(-+'+i)U2)2(Elie™+'0+fc) 



Third, for the operators and derived block-operator t'^ we have, 



7>+ 



''12 



?+ 
''12 



-26+6n-6+6i2+?i^2> 



E 

r)i=0 



-2r 



TTT-T 



(h+ v»r ^12 _ 

^ I (2m)! mi (2m + 1)! 



E 



m=l J- 



-2r 



(bti) 



(/t2-/ll+ 242^^12+ 6^62) 

(2m)! 



6+61 



'2 



, ^^ {h^-h'^-dt^du-btbi) ^ &22 o \,2m 
+^^2 ^;^^)^ + (2^^ ' 

"(/l2-/ll+2d^2(il2+6^62) 



E 



m=0 ^ 



m+1 



'12 



(2m + 1)! 



(2m + 1)! 



btbi 
(2m + 2)! 



+ 



, {h^ -h? - dl^du - b^b2) , , + d 
b22 ^TZ-^T^ ^12 - ^11(2^ + 1), ri 



n2 



-m2 



E 

m=0 



(2m + 1)1 
-2r\™ (6^i)'"6. 



2m+l 



mr 



(2m)! 



2 6^ + mi5: 



m=0 



O N m+1 /L+ Am;^+ 

\ Vf'llJ "22 J7 i2m+l 



mv 



(2m + 1)! ^1 



Fourth, for the Cartan-hke vector /q the representation holds, 



m=0 



-8r 



m 



m+1 



{b\^y 



6+ ?2 + 6+ l\ 



(2m + 1)! 



i'oU? J ^^''^ 1 (2m + 1)! +(2m + 2)!/^i 



4e 



2 ' — '„ V m -1 

m=0 



-8r\'"+i(6+ )'^ 



(2m + 2)! 



^0 - rbtJ[h'-dt2di2][h'- d+ di2- 2] 



-/i^ - d^2f^i2 - &2'^2 + 2d^2(^^ - /i^ - 6^62 - dt2di2)d 



12 



-2r6+ ?i2 ^2 + 8r6+ 6+ ?i2 + 4r(6+ )^ /^2 + 2r6i2 



+iE 



f 4r(6+ ^ 

6+62 - d+ (ii2)(ii2 + ?i2j [^^ + b^b2 + d+^di2 - 2 
^+1 (6+) 



^j,2m+2 



5r 



m 



(2m + 2)! 



^22 



(/i^ - /i^ - 6^62 - d'l2di2)di2 + t'l 



12 



(74) 



(75) 



(76) 



(77) 



m=0 

^ one should be noted that in (|74p for fe = there are no doubled sums and the products fl^^j^ ■■• is equal to 1 
and the only term 6jdi2&2 survive 



:ih'- h^- 6+62- dt2di2)di2+ i'i2?i2 \ bf^^ 



(78) 



Fifth, the operators l'^, I'l^^, l,m = 1,2,1 < m, read as foUows, 
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E 



m| y (2m)! 

^(/i^ - dt^di2)ih^ - d+ di2 - 2) - 



mi ^Q\mi J (2m + 1)! 
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-4mi ^ 
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'ID "12 

(2m + 1)! 



(4- - 1) 



/-8r\ ^ , \ 1 (2(/.^ - dX^di2) - 1) 6^ 
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(2m)! {2^^-21^^ —^^^ 
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"^^ (2m + l)!^^i'=''=2^i 



(79) 
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o^\»Ti+l (u+ \m-l 

(4" - l) ,oi oM ^22 { [{h^ -h^- btb2 - d+^di2)dl2+t 



■ 2m+2 



v"^l 



''12 



(2m + 2)! 

x(/il - - 6+62 - d^2f^l2)'^12 + i'l2?i2} 
t(^^2^12 + 5](26+„6^„ + 6+6™ + /l™))6i2 + 6+611622 - \ (?it ^22 + ?12 b 
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(81) 



+ ^(/l2 -h^+ 6^62 + 42C^12)felldl2 - 7^ E 



It'll j 7>.2m+l 



E 



r?i=0 



2mi^gV"ii/ (2m + 1)! 
-2r\-(6+i)-^ ,2m , /-2r\™(6+i)"-i6+2^ 



-/' h^^ 



(2m)! 



.?i26^ + E 



771=1 



(2m)! 



'22"1 



-2r 



1 V ^1 



ib 



III 



^12 



(/ji + /i2 + 6+62 - 2) 6+6 



+ 



I'. 



+ 
71 



h^ + h^ + 6^62 - 2 6^"6i 



(2m)! 



+ 



(2m + 1)! 



(2m)! (2m + 1)! 

{h^ -h^- 6+62 - dt2di2)di2 \bf^, 



(82) 



22 - ^22 + (^12^12 + dt2dl2 + b^b2 + 6^2^22 + /l^)&22 + ^^n&?2 " ^ ^12 bl2 



+^{h'^ -h^ + df^du + 6^62)^12612. 



(83) 



In the Eqs. ()78p ~ ()83p . the derived block- operators I'q, l'^, /^2; m = 1, 2 are written as fohows 
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mg — r 



E 

m=0 



-8r 



ms 



22^ 



(2m + 1) 



■(2/i2 + 2d+di2-l) 



'they are directly determined tlirougli theirs action on vector \0ij,0,pi2,'n2)v , see [37] for details 



"m2(2m + l)! 



(2m + 2)! 

+2d+ di2(/i^ - 2)]) + 2r6+ 42(^^ - f^i2f^i2 - 2) + 



2 j2 
12 



m=0 i=0 

m=0 i=0 
6+62 



mi 



-8r 
rrio 



Vmi j (2m + l)!(2Z + l)! "'12^2 

2r y+i {b+^r^^ r + ^+ r[/^^-/^^+ 2^+^12+ bth+ 2] 

^1 y (2m + l)!\ ^2 12 



(2Z + 1)! 



(2Z + 2)! 

mi b^^K^t-z 



btl{dt2? I fe^2(42^12 + l) r,l ,2 , + , , 

72ITT)! + (2Z + 1)! -b,b2-d,,d 



2 ^ 



m2(2/ + 2)! 



62 6?™+'+'^ 



m=l 



-?idl2 



E 

in=0 



-8r 
ml 



m 

'22) "12 



(2m + 1)! (2m + 2)! 



^^22. 



mr 



(2m + 1)! 



m2 



+— E 



m2 
1 



^^22) ^2 I (2m)! +^2m + l)!/^^ 



,2m 
'2 



(2m + 2) 



-T 
2 ^ 

m=0 
m=0 



-2r 



m; 



Vzl"^ i ^^^t rn2btdi2 \ 2m 

(4 -im^) d,2<^j—^-^—^jb2 



2f\ "1+1 



m^ 



,+ \m— 1 



- _ (d+ _ 26+ d+ (fti - d+ - 2) - i,i-i(42)2}6|'"+' 



m=0 Z=0 



-2r 

mo 



(4"^ - 1) 



ibt2) 



m+l-1 



mi 622 ^i" -^12 



(2m)! lm2(2Z + 2)! 



(/t^ -h^ + 2dt2di2 + 6^62 + 2 5^62 
(2^ + 1)1 

(^ll(42)' + ^22[/i'-/i'+^2^2] 



(2Z + 2)! 



m=0 Z=0 
X 



(2Z + 1)! 

_2j-\i'n+l+l 



mi 



L2(m+/)+l 



(4"» _ ]^^ (^22)™ (^22)^ ^ 



(2m)! (2/ + 1)! 

d+ {/l^ - /jl + 6+62 + d+ dl2 + 2} ^1262^™+'^"^^ 



■f EE 

m=0 Z=0 



m: 



-) 



(4"» _ 1) 



ibt2: 



( ^22)' 17 .+ , 2(m+/)+l 



(2m)! (2/ + 1)! "12^2 



(84) 
(85) 



(86) 



12 



'22 



E 



m=l 



-2r 



12"12 - E 

m- 



^22)™ "'"^12 



-8r 



{h^ + /l2 - 2) ^ 6^62 



[ (2m)! (2m + 1)! 

(^22)"" (2 „i,2/,2 



^2m 



2 ) 



(87) 



^ "^2 / 1712(2171 + 2)! 



{m^ - r/i^(/i^ - 3)}6^('"+') 



■E 

m=l 



mn 



(ft: 



22^ 



_1 [1 (2/^2-1) 1 ,2„.+l 

|2(2m + l)! + (2m + 2)! j 2 



h 



o„\ m+1 

(4--l)(6+)™-i 



mn 



+ 



22 



(2m + 2)! 

&2''^12'^12 

(2m + 1)! 



[(2m + 2)! 
-h} - 2(i+ rfi2(/i^ - 2) + {d+^fdl^ 



^12^12 [2(/ii-2)-2d+di2]62 



62 + 



(2m + 2)! 



^2m+l ^ 



mi 
2m2 



^ ( mi j 

m=0 ^ 



o \m+l yn— 1;,+ J+ 
^' \ l"22J "1 "12 |-^m _ -i^^^Z' 



2m+l 



(2m + 1)! 



1 



+^EE 



m=0 Z=0 
ht2 



m+/+l /'!,+ Nm+i"l 



mi6+&+d+, ^n(a!|2)^ 

r02 



(2m + 1)! I m2 (2/ + 2)! (2/ + 1)! 



(2Z + 1)! 



(d+ di2 + l)(/i^ - /i^ - ^^^2 - d^2'^12) 



12"'12 



(/i2 - /ji + 2(i+ (ii2 + 6+62 + 2) 6+62 



(2/ + 1)! 



(2/ + 2)! 



,2(m+«+l) 



2r\ 



m+/+l 



^ m=0 /=0 ^ "^2 / 



(^^2) 



m+l 



(2m + l)!(2/ + l)! 



''12 "12"2 



Note, the additional parts o'j{B,B^) as the formal power series in the oscillators {B,B^) do 
not obey the usual properties, 



{^'im)^ / ^'im ' (^12)^ / ^2' 



0) / ^0 1 (^m) / > ^ ^ 



m, 



if one should use the standard rules of Hermitian conjugation for the new creation and 
annihilation operators, (Ba)^ = Ba- Restoration the proper Hermitian conjugation properties 
for Oj, is achieved by changing the scalar product in %' as follows, 



(^>i|^> 



2 /new 



($l|K'|$2), 



(90) 



for any vectors |$i), |^*2) with some non-degenerate operator K' . This operator is determined 
by the condition that all the operators of the algebra must have the proper Hermitian properties 
with respect to the new scalar product. 



($l|K'^-'°|$2) = ($2|i^'^'"|^l)*, {^l\K'G'\^2) = {^2\K'G'\^i)\ 



(91) 



for (^'";^^'°) = (ZL,t'i2>C;C'*'i2'0> G' = (5o>^o)- The relations ^ lead to definition 
the operator K' , Hermitian with respect to the standard scalar product ( | ), in the form 



K' = Z+Z. 



{ni,n,ns)={0,0) 



N{2))v 



1 



M\{hTd\f n C™, (92) 



r=l 



Lm>l 



(nimV-insy- 

where (n;^)! = ?T'1i!?^12!"'22!i (^s)! = niln2lpi2^. and the normalization y(0|0)v = 1 is supposed. 



Table 3. The non-linear part of the converted algebra Ac{Y{2),AdSci)- 
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-riC{ 




-wr 



The theorem 2 has the same consequences as ones from theorem 1 which concern, first, 
the flat limit of the algebra A!(Y{2),AdSd) and therefore a new representation for Lie algebra 
(T'^ © T'^* © /q) (0)^ sp{4). Second, modulo the oscillator pairs 6^2 , > ^2 , ^2" ' "^12 j c^i2 ' — 
1,2, the obtained representation coincides with one for totally symmetric HS fields quadratic 
algebra A! {Y {I), AdSd) in [TO]. 

The set of the equations which compose the results of the Theorems 1, 2 represents the 
general solution of mentioned in the Introduction the second problem on the LF construction 
for mixed-symmetry HS tensors on AdS spaces with given mass and spin s = (si, ■S2). 

4. Construction of Lagrangian Actions 

To construct Lagrangian formulation for the HS tensor field of fixed generalized spin s = 
(si,S2) we should, initially, determine explicitly the composition law for the deformed algebra 
Aciy{2),AdSci) (for arbitrary k >2 see [H]), find BRST operator for the non-linear algebra 
Ac{Y{2),AdSd) and, finally, reproduce properly gauge-invariant Lagrangian formulation for the 
basic bosonic field ^[^)^^^[u)^^- 

4-1. Explicit form for the algebra Ac{Y (2), AdS d) 

To this end as in the case of the algebra A'{Y{2), AdSd) of the only multiplication law for 
quadratic part of the initial algebra A{Y{k), AdSd) for k=2 is changed, while its linear part 
is given by the same sp{2k) algebra as for the maximal Lie subalgebra for A{Y{2), AdSd) and 
A'{Y{2), AdSd) with the same form of the commutators [Oa,Oj] for Oa G sp(4). From the 
Eqs. ([33]) . and Tabled] the non-linear part of the algebra Ac{Y{2), AdSd) can be restored 
in the form of the Table [3l Here the functions IC\, Wj^^, X^^ (therefore its Hermitian conjugated 
quantities IC]^ ^ W^fe*^) are given as follows: 

Wl^ = 2re^^{^(-l)'[G|, - gi]L^^ - l"^ ^(-1)'G|, - [(T^^ - t'^^)L^' - I'^'T^^] (93) 
I I 

+iT,\-t[t)L''-l''%\}, 
)C{ = 4^J^^{(L^'^+ - l'^'+)V - + 2{V+ - l''J+)Gl - 2{g'(> + \)U+ 

-2{[(Li+ - ri+)r+ - t'+L^^]5'^5'^ + - l'^^)T^^ - t'^^L^^]6^^6'^], (94) 
Xi^ = {Lo + r [k°' - 2g'^G\^ + 4/'**+L" + 4/'^^L**+ + (tf - t[%T^'^ - t'^^T+ (95) 
+4/'i2+^i2 + 4^/12^12+^] l^ii 

^{4^^ [{L^'+ - l'^'+)L'' - l"'L^'+] + (EiC^o' - g'o) - 2)t12 - t'i2 J2i Gl}6'^6^^ 



—ri 



The quantities Kq^, K,}^ above are the same as ones in (|26p for k = 2, but expressed in terms of 
Oi. 

Following to our experience from study of the (super) algebra Ac{Y{l), AdSd) in [T2 t [T3] 
when in order to find exact BRST operator, we choose the Weyl (symmetric) ordering for 
quadratic combinations of Oj in the r.h.s. of the Eqs. (j93p - (|95p as follows, OjOj = 
^{OjOj + O jOj) + ^[Oj , Oj]. As the result, the Table [3] for such kind of ordering must contain 
the quantities W^^r, ^Iw (^^^ , JC^^) which read as 



I 

_[^2+^12^^12^2+]^,l|^ (97) 

= {Lo + r [gi^Gi - 2£+L- - 2CH± + ^(T^^T^ + T+T^^ - ACf^l'' - AC'^Lf,)] }5^^ 
-r|2 V'(/:^'+L'2 ^ ^Z2^ii+) ^ 1 ^z^i2 ^ 1 ^12 ^.05*2^,1 

I I 



with the notation Oj for the quantity Oj = (0/ — 2o'j-). Note, the ordering quantities (f96]) ^ (f98]) 
do not contain linear terms (except for Lq in r.h.s of the last relation) as compared to ()93p -(|95 p . 

Thus, we derive the algebra of converted operators O7 underlying HS field subject to an 
arbitrary unitary irreducible AdS group representation in AdS space with spin s = (si,S2) so 
that the problem now to find BRST operator for Ac{Y{2), AdSd)- 



4-2. BRST- operator for converted algebra Ac{Y(2), AdSd) 

The non-linear algebra now has not the form of closed algebra because of the operatorial functions 
F^j^ {0' ,0) in the Eq. ()34p and as it was shown in [31] it leads to appearance of higher 
order structural functions due to the quadratic algebraic relations ([96j) - ([98]) and their Hermi- 

tian conjugates corresponding to those quantities Fjj^(o',0) for i,j = 1,2. In ref.[31] it was 
found new structure functions Fj^fj^{0) of the 3rd order in terminology of Ref.|17j. implied by 
a resolution of the Jacobi identities [[O/, Oj], Ok] + cycl.perm.{I, J, K) = 0, as follows ([52]) . 

{FuFmk + [f\T^ Ok] + cycl.perm.{I, J,K)} = Fj%[On6^ - ^Fjis)) > (99) 

for Fjj = (fj'j + Fjj^^^). The structure functions Fj^j^{o' ,0) are antisymmetric with respect 
to a permutation of any two of lower indices (/, J, K) and upper ones R, S and exist because of 
nontrivial Jacobi identities for the k{2k — 1) = 6 triples {Li, Lj, Lq), {Lf,Lj',LQ), (Lj,L^,Lo). 

The construction of a BFV-BRST operator Q' for Ac{Y{2), AdSd) are considered in [3T] and 
has the general form 

Q' = C'[0, + \C\f^, + Fff)Vp + ^^C'C^FWj{PrVp]. (100) 
for the (C'P)-ordering for the ghost coordinates = {r/o, rfQ rjf, rji, rjf-, rjij, 'di2, "^^2}^ ^^'^ their 



conjugated momenta Vi = {Vq, Vq , Vi, V^, Vij, V^j, X12, Ai2]|_j. Explicitly, Q' given as 



2^ ^12 



22 



+2 



+ ^12 rl2 



12 



il2 



22"- 



12 



+ 



/i.e.}, (101) 



with the standard form for linear Q'^ and quadratic Q2 terms in ghosts (see [31] for details). 
The Hermiticity of the nilpotent operator Q' in total Hilbert space Titot = Ti <S>T~{-' 'S> T~igh is 
defined by the rule, 

Q'+K = KQ', for K = 1 K' ^ Igh, (102) 
with the operator K' given in (|92p . 

4.3. Lagrangian formulation 

Properly the construction of Lagrangians for bosonic HS fields in AdS^ space, can be developed 
by partially following the algorithm of [11], [12], (see, as well [29]), which is a particular case 
of our construction, corresponding to S2 = 0. As a first step, we extract the dependence of the 
BRST operator Q' (fTOT]) on the ghosts ??^,7^gi 



Q' = Q + rfcia' + h') + B'Vh 



(103) 



with some inessential in later operators and the BRST operator Q which corresponds only 
to the converted first-class constraints {O/} \ {Gg}, 



Q 



-^t2 Ejl + ^InW'^P^' + ^t2 E„(l + ^n2)r/"^P+^" + ^ E„ 

E (1 + Sim)v"'ri+^r' - [t?i2r?+2 + ^t2V+^]r^ 



12 



Km 



+r {m "it [2C'V+ + 2C+Vu + G'o'Pi + 2{C^^V^^+ + C^^+Vi2)S^^' 

-5'\c^xt2 + r+P2) - s^'{c'Xi2 + T12V1) 

-\ T.^,J rit^t''' [Emi-irSm2 - {T12V11 + £llAi2) + r+P22 + C'^Xt^ 
+'^vtVj [Em a^+V'^ - i(7ltAl2 + Tl2Xt2W^ + \ Em G^" ^12^^' S^'] } 

+^'{% T.,f^Vje'' [-2 E„^(g^[Ai2^2+2 - A^2^A] + 4L--p+2^+n) + ^L^'n^V: 

+V0 E^,J vtvj [2 E™(^2'2^'' - L^'vt,))Xi2d'^5'^ - 2ri2piip+<^'^5'^' 

they obey to independent nonvanishing anticommutation relations {i?i2, ^12} ~ Ij {Vi^'Pj^} = ^ij 1 {Vimy'Pfj} = 
5ii5jm , {770, T'o} = {vh'T^g} ~ possess the standard ghost number distribution, gh{C^) — —gh{Vi) = 

1, providing the property gh(Q') = 1, and have the Hermitian conjugation properties of zero-mode pairs, 



11 



-2Em(-l)™(G'[r^^^'5l*52i _ (^mp22^2*jli^p+j | ^ ^^^jl2|^ ^1Q4) 

The generalized spin operator a = ((T^,cj^), extended by the ghost Wick-pair variables, 

a' = Gi-h'- r^^Vt + rifV, + E(l + 5^m){rlL'P''^ - mmVtJ + - ^''A+ ](-l)^ ,(105) 

m 

commutes with Q, [Q.,(t'^\ = 0. We choose a representation for Hilbert space Utot coordinated 
with decomposition ()103p such that the operators (rji, rjij, '&12, Vq, Vi, Vi j, Xi2,'Pq) annihilate 
vacuum vector |0), and suppose that the field vectors |x) as well as the gauge parameters 
I A) do not depend on ghosts rjQ, 

^ ij,i<m,n<o 

V ^9+ V'-fl2(\+ ^inA12|(T)/'„ + \"-/0(")/i(")pj(")/im(n)pno(n)/12(n)A12\ 

X I^^12j ' {^12) j(„),(„),^.pi2 /• ^^^^) 

The brackets (n)/j, (n)pj, (n)p„o in the Eq. ()106p means, for instance, for (n)pno the set of indices 
(npii, npi2, rap22)- The sum above is taken over ni, riij, pi2 and running from to infinity, and 
over the rest n's from to 1. The Hilbert space Titot is decomposed into a direct sum of Hilbert 
subspaces with definite ghost number: T-Ltot = 0fc=-6^'c- Denote by \x^) G T-L-k-, the state 
(|106p with the ghost number —k, i.e. gh[\x^)) = —k. Thus, the physical state having the ghost 
number zero is Ix*^); the gauge parameters |A) having the ghost number —1 is \x^) and so on. 
For vanishing of all auxiliary creation operators and ghost variables rjQ, rjf ,7^^ , ... the vector 

|X°> must contain only physical string-like vector |$) = W/'™ 

I/) = 1$) + !^.^), |$A>|[^.=,„=,.=p.=,.^=p.=,.=,.=o]=0 (107) 

One can show, using the part of equations of motion and gauge transformations, that the vector 
\^a) can be completely removed (see Ref . |47j ) . 

The equation for the physical state Q'\x^) = and the tower of the reducible gauge 
transformations, 5\x) = Q'\x^), S\x^) = Q'lx^), ■ ■ -j <^|x^*~^'') = Q'\x^^^)^ lead to relations: 

Q\X) = 0, {a' + h^)\^)=0, {e,gh){\x)) = {0,0), (108) 

S\X) = Q\x'), {a' + h^)\x')=0, {e,gh){\x')) = {l,-l), (109) 

'^Ix'^-') = Q\X'), {a' + h')\x') = 0, {e,gh){\x')) = {smod2,-s). (110) 

Here e means for Grassmann parity and s = 6 is the maximal stage of reducibility for the 
massive bosonic HS field, because of subspaces = 0, for all integer k < —7. The middle set of 
equations in ()108p - ()110p determines the possible values of the parameters /i* and the eigenvectors 
of the operators cr*. Solving spectral problem, we obtain a set of eigenvectors, |x'^){n)2) \x^){n)2^ 
• • \x^){n)2^ '^i ^ ^2 > 0, and a set of eigenvalues, 



<^^\x)[n% = W + ^^=^)\x){n),. "/l* = + , i = 1 , 2 , m G Z, n2 G Nq . (Ill) 



here, in writing the coefficients depending on Oj, Oi we have used the convention from Eas. (|96[) -()98 p . for Oi 



It is easy to see that in order to construct Lagrangian for the field corresponding to a definite 
Young tableau ([1]) the numbers rii must be equal to the numbers of the boxes in the i-th row of 
the corresponding Young tableau, i.e. ni = Si. Thus, the state \x){s)2 contains the physical field 
d?]) and all its auxiliary fields. We fix some values of rij = Sj. After substitution: /i* — )■ 
operator Q(si,s2) = Q\h^^hi{si)i is nilpotent on each subspace -fftot(si,s2) whose vectors satisfy to 
the Eqs. ()108p for (jllip . Hence, the Lagrangian equations of motion (one to one correspond to 
Eqs.([2|)-(l5|) for k = 2), a sequence of reducible gauge transformations have the form 

Q(S1,S2)|X°)(S1,S2) = 0' ^\X''){SI,S2) = Q{S1,S2)W^^){S1,S2)^ S = 0, ...,5. (112) 

Analogously to totally symmetric bosonic HS fields [11], [12] one can show that Lagrangian 
action for fixed spin (n)2 = (5)2 is defined up to an overall factor as follows 

•S{si,s2) = J dVo (.i,s2)(x°l^(.i,s2)<3(.i,s2)lx°>(si,s2)> for lx°) = Ix)- (113) 

where the standard scalar product for the creation and annihilation operators is assumed with 
measure d'^x^/\g\ over AdS space. The vector |x'^)(s)2 ^^^1 the operator ^^(3)2 in ()113p are 
respectively the vector \x) ()106p subject to spin distribution relations (jllip for HS tensor field 
(^) operator K ()102p where the substitution hi —{rii + ^^^-^^) is done. The 
corresponding LF for bosonic field with spin s subject to Y(si,S2) is a reducible gauge theory 
of maximally L = 6-th stage of reducibility. 

One can prove that the equations of motion (|112p indeed reproduces only the basic conditions 
Q-dSl) for HS fields with given spin (si,S2) and mass. Therefore, the resulting equations of 
motion because of the representation (jl07p have the form, 

Lo|$)(,)2 = (Zo + mg)|$)(,)2, (/i,/ij,ti2)|$)(.)2 = (0,0,0), i<j. (114) 

The above relations permit one to determine the parameter tjiq in a unique way in terms of h^{si), 

ml = m' + r{/3(/3 + 1) + ^ + {h'-\ + 2/?) [{h^ _ |) + (/,2 _ 9) |^ (115) 

whereas the values of parameter mi , m2 remain by completely arbitrary and may be used to 
reach special properties of the Lagrangian for given HS field. 

The general action (|113p gives, in principle, a direct recept to obtain the Lagrangian for any 
component field (^2)__^ (x) from general vector |x'^)(s)2 since the only what we should do 

it is a computation of vacuum expectation values of products of some number of creation and 
annihilation operators. 

5. Conclusion 

In the paper we have derived the quadratic non-linear HS symmetry algebra for description 
of arbitrary integer HS fields on AdS-spaces with any dimensions and subject to k row Young 
tableaux Y{si, . . . ,Sfc). It is shown the difference of the obtained algebras AiX{k),AdSd) for 
fc = 2, A' iY {2), AdSd), Aciy {2), AdSd) corresponding respectively to initial set of operators, 
their additional parts and converted set of operators within additive conversion procedure, is 
due to their pure non-linear parts, which are, in turn, connected to the AdS^-radius {^/r)~^ 
presence through the set of isometry AdS-space operators. 

To obtain the algebras we start from an embedding of bosonic HS fields into vectors of 
an auxiliary Fock space, treat the fields as coordinates of Fock-space vectors and reformulate 
the theory in such terms. We realize the conditions that determine an irreducible AdS-group 
representation with a given mass and generalized spin in terms of differential operator constraints 



imposed on the Fock space vectors. These constraints generate a closed non-hnear algebra of 
HS symmetry, which contains, with the exception of k basis generators of its Cartan subalgebra, 
a system of first- and second-class constraints. Above algebra coincides modulo isometry 
group generators with its Howe dual sp{2k) symplectic algebra. The construction of a correct 
Lagrangian description requires a deformation of the initial symmetry algebra, into algebra 
Ac{Y{2),AdSd) introducing the algebra A' {Y{2), AdSd). 

We have generalized the method of construction of Verma module [8j from the case of Lie 
(super) algebras [IS], [SD], [22] and for quadratic algebra A'(Y{1), AdS^) for totally-symmetric 
HS fields |lUj . [12j on to case of non-linear algebra underlying mixed-symmetric HS bosonic fields 
on AdS-space with two-row Young tableaux. The Theorem 1 presents our basic result in this 
relation. We show that as the byproduct of Verma module derivation the Poincare-Birkhoff- 
Witt theorem is valid in case of the algebra under consideration, therefore providing the lifting 
of the Verma module for Lie algebra A{Y{2), R^'^^^) [being isomorphic to (T^ © T^*) ^ sp(4)] 
to one for quadratic algebra in a deformation parameter r. Of course, the same it is expected 
to be true for general algebra A'{Y{k), AdSd), for which we suppose to obtain the explicit form 
of Verma module in the recursive procedure manner by means of new primary and derived 
block- operators, like ^12- 

We have obtained the representation for the 15 generators of the algebra A'{Y(2),AdSd) over 
Heisenberg-Weyl algebra Aq as the formal power series in creation and annihilation operators, 
which in case of flat space limit (r = 0) takes the polynomial form, coinciding with earlier known 
results, at least for m = [24] and appearing new one for massive case [31J and for /c = 2 in 
|29j . The Theorem 2 finalizes our second basic result on solution of this Fock space realization 
problem for A'{Y{2),AdSd) through Verma module construction approach. 

On a base of BFV-BRST operator Q' which was found in Ref. [31| exactly up to third degree 
in ghost coordinates, for the nonlinear algebra Ac{Y{2), AdSd) of 15 converted constraints Oj 
by analyzing the structure of Jacobi identities for them we present a proper construction of 
gauge-invariant Lagrangian formulations for the bosonic HS fields of given spin s = (si, S2) and 
mass on AdS^ space. The corresponding Lagrangian formulation is at most 6-th stage reducible 
Abelian gauge theory and is given by the Eqs. (|112p . (|113p . The last relations may be considered 
as the final result in solution of the general problem to construct Lagrangian formulation for non- 
Lagrangian initial AdS-group irreducible representations relations which describe the bosonic HS 
field with two rows in Young tableaux. One should be noted the unconstrained Lagrangians for 
the free mixed-symmetry HS fields with two rows in Young tableaux on a AdS background have 
not been derived until now in both "metric-like" and "frame-like" formulations. These results 
to be seen as the first step to interacting theory, following in part to the research [^, [53]. 

Among the directions for application of the obtained results we point out the developing of 
the unconstrained formulation with minimal number of auxiliary fields for the basic HS field 
with two and more rows in the Young tableaux analogously to formulation given in [SI] , |55j for 
totally symmetric fields, which as well may be derived from the universal Lagrangian formulation 
suggested in the paper. 

From a mathematical point of view the construction of the Verma module for the algebra 
A'(Y{2), AdSd) open the possibility to study both its structure and search singular, subsingular 
vectors in it, so that it, in principle, will then permit to construct new (non-scalar) infinite- 
dimensional representations for given algebra. Besides, the above results permit to definitely 
understand the problems of (generalized) Verma module construction for HS symmetry algebras 
and superalgebras underlying HS bosonic and respectively fermionic fields on AdS-spaces subject 
to multi-row Young tableaux. 
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Appendix 

Appendix A. Proof of the Proposition 

In this appendix we check the validity of the Proposition in the subsection 12.21 The proof is 
based on the explicit derivation of the multiplication laws (pO|) and (|3T]) . p2]l for the sets A' 
of the operators and Ac of Oj. Namely, from the right-hand-side of the relations (|29p we 
have (with account for commutativity of oj with o'j) the equations to determine the unknown 
structural functions Ff^j{o',0), 

n m 

[Oi^Oj] = [oi,oj] + [o'.^o'j] = Y: f!j'-''-Y[^K, + [o'j, o'j]. (A1) 

m=l 1=1 

Expressing in (|A.ip the initial elements oki , • • • , ok„ through enlarged 0/ and additional o'j 
operators with use of o'O-ordering we obtain the sequence of relations for each power of ok, 

fuOK, = ff/OK^-ff/o'j,^, (A.2) 

ff/'^'OK^OK, = ffl'^'OK.OK.-iffj''' + fff')0'j,^0K,+ ffj'^'o'j.^o'j,^ (A3) 



1=1 



where the hats in the notation f^" ^^^^+1 foj- the quantities /^^^ KiKs+\ K„ ^^^^^ ^j^g 

set of X, terms obtained through fj^" ^i^^+i by the symmetrization as it is explicitly 
shown in the Eqs. (j32|) . Above system ()A.2p - ()A.4p permits one to immediately establish, first, 
from the rightmost terms above in ()A.ip - ()A.4p that the set of o'j form the polynomial algebra 
A' of order n subject to the algebraic relations (j30p . Second, the rest terms in ()A.ip ~ ()A.4p 

completely determine the structural functions f\^^^ {o' ,0), m = lj_^ . ,n in the form ()32p and 
show that the set of Oj indeed determine the non-linear algebra Asl3- 
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